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Abstract

The possibility of indeterminacy and sunspot fluctuations in dy-
namic rational expectations models has been often questioned on em-
pirical grounds, for such models are widely believed to rely on implau-
sibly high degrees of increasing returns to scale and/or other contro-
versial calibrations of economic fundamentals. In this paper, we study
the occurrence of such phenomena in a standard (one-sector) optimal
growth model with endogenous labor supply and a partial cash-in-
advance constraint on consumption purchases. We show that, under
standard preferences and constant returns to scale in production, in-
determinacy typically prevails for an arbitrarily small amplitude of
the liquidity constraint. We also analyze the cyclical properties of the
model submitted to technological and beliefs disturbances and observe
that it performs as well as comparable indeterminate models in the
literature.
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La pertinence empirique des modèles avec indétermination de l’équilibre
et fluctuations « à taches solaires » a souvent été remise en cause,
notamment parce que de tels modèles exigeraient des rendements
d’échelle fortement croissants ou des calibrations relativement con-
troversées des fondamentaux de l’économie. Dans cet article, nous
étudions l’apparition de tels phénomènes dans un modèle standard
de croissance optimale avec offre de travail endogène lorsqu’une con-
trainte d’encaisses préalables partielle porte sur les dépenses de con-
sommation des ménages. Nous montrons, sous des préférences usuelles
et des rendements d’échelle constants, que de tels phénomènes émer-
gent en présence d’une contrainte de liquidité arbitrairement faible.
Nous étudions également les propriétés cycliques de cette économie en
présence de chocs portant simultanément sur la technologie et les croy-
ances, et analysons nos résultats au regard de modèles comparables
proposés dans la littérature.

Keywords: cash-in-advance, indeterminacy, business cycles.
JEL Classification: D90, E32, E41.
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1 Introduction

In this paper, we present a one-sector infinite horizon economy with capital
accumulation, endogenous labor supply and liquidity constraint on consump-
tion expenditures. We depart from similar model economies (see Stockman,
1981; Abel, 1985; Svensson, 1985; Lucas and Stokey, 1987; Coleman, 1987;
Cooley and Hansen, 1989; Woodford, 1994) by assuming that only a share
between zero and one of current consumption purchases must be paid by
cash holdings accumulated from the previous periods, in the spirit of Grand-
mont and Younès (1972). We study the stability properties of this model,
and assess the conditions under which it may become indeterminate. When
it is the case, we analyze the cyclical properties of the model when animal
spirits act as a driving force of the business cycle. Notice that our fractional
cash-in-advance constraint can be viewed as the inverse of the velocity of
money, according to the Cambridge Cash Balance Approach. We will refer
to it in the sequel equivalently as to the amplitude of the financial constraint
or to the inverse of the velocity of money.
By deriving analytically the conditions under which the model is inde-

terminate, we establish two results which we believe are quite surprising
with regard to the literature on endogenous fluctuations. First, we show
that a small departure from the traditional Ramsey-Cass-Koopmans model
— the requirement that an arbitrarily small amount of consumption purchases
must be paid by cash in the hands of the representative consumer — is suffi-
cient to make the equilibrium indeterminate and to allow for the existence of
sunspots fluctuations. Next, we show that the occurrence of such fluctuations
becomes more and more likely as long as the velocity of money is continu-
ously increased from one (as in Cooley and Hansen, 1989) to infinite (as in
the standard Ramsey-Cass-Koopmans model). These two findings are rather
surprising, since it is often believed that indeterminacy can occur only in
the presence of strong market imperfections and that the occurrence of such
fluctuations is made more and more likely as long as the degree of market
imperfection is increased, and not decreased.
In particular, we demonstrate that when the velocity of money is close to

one, indeterminacy arises only when consumption is not very substitutable
across periods (i.e. strong enough income effects). However, as long as the
velocity of money is increased, the range of admissible values for an indeter-
minate equilibrium becomes larger and larger. Above a certain threshold, it
includes the logarithmic case (unitary elasticity of substitution) and above a
higher one, it coincides with the whole domain of definition of the elasticity
of intertemporal substitution in consumption. Finally, when the velocity of
money reaches infinite, the model is not continuous since it looses one di-
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mension: Actually, it collapses into the standard Ramsey-Cass-Koopmans
model which, as is well known, exhibits the saddle path stability. The inter-
pretation of this feature consists in the fact that the nominal indeterminacy,
prevailing when there are no financial constraints, becomes real as soon as
an (arbitrarily small) liquidity constraint is introduced.
Bosi and Magris (2003) find analogous results in a deterministic model

in which labor is supplied inelastically. Of course, these results will appear
to be consistent, as a particular case, with those found in the more general
framework considered in this paper. Although more analytically demanding,
considering an elastic labor supply is important for two reasons. First, it
influences strongly the stability properties of the model. We show in partic-
ular that the range of values for the elasticity of intertemporal substitution
in consumption compatible with indeterminacy decreases when labor supply
becomes more elastic, and that the threshold for the velocity of money above
which indeterminacy occurs for whatever parameters configuration shrinks
(and eventually tends to zero) as the labor supply elasticity tends to infin-
ity. Second, the introduction of an elastic labor supply allows us to perform
simulations experiments and to study the cyclical properties of the model in
the spirit of the Real Business Cycle literature.
A possible criticism which can be addressed toward our framework is that,

in a one-sector model, agents could avoid a financial constraint applying ex-
clusively on consumption by buying only the investment good and consuming
ex-post a part of it according to their optimal plans. But a one-sector model
can be easily viewed as a special case of a two-sector model in which the
capital intensities of the two production functions are the same and the rel-
ative price is constant and equal to unity. This is proved in, e.g., Becker and
Tsyganov (2002; Proposition 2.2, page 194). It follows that one can inter-
pret our aggregate one-sector model as a degenerate two-sector economy, the
first sector producing only the investment good, the second being devoted to
the production of the consumption good. This will then prevent agents to
“transform” investment into consumption and avoid the cost represented by
the nominal interest rate. In addition, our result could appear at first sight
in contradiction with Abel’s (1985) finding, which shows that a model with a
full cash-in-advance constraint applying on total expenditure is always deter-
minate. However, as shown in Bosi and Dufourt (2005), Abel’s results can be
reverted if one considers a partial liquidity constraint applying on consump-
tion and investment purchases, in a similar fashion to the present paper. In
addition to being much more tractable analytically, our choice to focus on
consumption (in this general case with an elastic labor supply) comes from
the observation that capital can be more easily used as a collateral asset, and
is therefore more likely to be bought using credit.
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The fact that indeterminacy and sunspots fluctuations may occur for an
arbitrarily high velocity of money is important, since it tends to suggest that
such phenomena, far from being “exotic” or simple theoretical curiosities,
are by contrast quite pervasive. The recent literature on endogenous fluctu-
ations had already considerably alleviated the conditions under which such
phenomena may arise. However, even the most recent papers continue to
rely upon rather discussed features such as mild increasing returns to scale,1

complementariness in production factors,2 unconventional specifications of
the utility function,3 or other controversial calibrations of the fundamen-
tals.4 Our paper can thus be seen as a new step toward this increase in
realism, since it shows that indeterminacy may occur even for an arbitrarily
small departure from the conventional Ramsey-Cass-Koopmans model. In
our model, the only imperfection — if we adopt this point of view rather than
making reference to the velocity of money — is that a certain amount of cash
must be accumulated to buy the consumption good. All the other elements
are perfectly standard. This simple form of imperfection is sufficient to make
the model indeterminate, and to be consistent with self-fulfilling revisions
in expectations to act as an independent source of the business cycle. Our
model also completes some results obtained in a recent paper by Carlstrom
and Fuerst (2003) in which the cash-in-advance constraint is viewed as a limit
case of a Money-In-Utility formulation and preferences are linear in labor.
For example, our assumption of an elastic labor supply entails the existence
of a whole interval of low shares of consumption to be paid cash generat-
ing indeterminacy for whatever fundamentals specification, and not only for
some, as it is the case in Carlstrom and Fuerst (2003). At the same time,
focusing directly on a partial cash-in-advance constraint makes it easier to
define the degree of market imperfection of the economy and study its impact
on the emergence of indeterminacy.
Of course, one could still remain skeptical that such a sunspots driven

model may be able to account for the main features of actual fluctuations.
In the second step of the paper, we thus perform an empirical assessment of
our model by verifying under which circumstances it can correctly describe
the main features of the US business cycle. We also discuss the performance
of this model in regard to some recent results established in the related

1See, e.g., Benhabib and Farmer (1996), Perli (1998), Wen (1998), Dos Santos Ferreira
and Dufourt (2006).

2E.g., Grandmont et al. (1998).
3E.g., Farmer (1997).
4E.g., Bennett and Farmer (2000), Barinci and Chéron (2001). We provide a brief

discussion of all these models in the second part of this paper. See also the very complete
survey by Benhabib and Farmer (1999) for a more exhaustive presentation.
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literature.
We show in that respect that when it is driven by sunspots shocks only,

our model suffers from the same difficulties as companion models which do
not rely on large increasing returns to scale to generate indeterminacy. In
particular, our model does not generate sufficient persistence in output move-
ments, and it tends to predict counter-cyclical movements of investment.
This implies that animal spirit shocks alone are not sufficient in our model
to explain the most salient features of the US business cycle. However, when
animal spirits are instead given the interpretation of an overreaction to fun-
damental events such as technological innovations, like it is the case in the
recent literature, our model becomes able to account for most empirical ob-
servations.
Overall, we find that the model performs as well as comparable models in

the literature. This is true even though we only require a modest degree of
market imperfection, and that we do not rely on any unconventional features
regarding the production structure or the utility function.
The remainder of the paper is organized as follows. In Section 2 we present

the model and derive the intertemporal equilibrium. Section 3 is devoted to
the study of the local stability of the stationary solution while Section 4
provides an interpretation of the indeterminacy mechanism. In Section 5, we
assess the cyclical properties of the model and Section 6 concludes the paper.

2 The model

2.1 The environment

We consider a discrete-time one-sector economy populated by identical long-
lived agents and identical firms distributed uniformly along the unitary in-
terval. The representative consumer is endowed with rational expectations
and seek to maximize the expected stream of utility functions

E0

∞X
t=0

βt

Ã
c
1−1/σ
t − 1
1− 1/σ −

l1+χt

1 + χ

!
. (1)

In (1), E denotes the rational expectation operator, 0 < β < 1 the discount
factor, c is consumption, σ > 0 is the elasticity of intertemporal substitution
in consumption, l is labor supply and χ > 0 is the inverse of the elasticity
of labor supply. In each period t ≥ 0, households must respect the dynamic
budget constraint

ptct + pt [kt+1 − (1− δ) kt] +Mt+1 = ptrtkt + ptwtlt +Mt + τ t (2)
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where p is the price of the good, k physical equipment, M money balances, r
the real rental price of capital, w the real wage, δ ∈ [0, 1] the depreciation rate
of capital and τ nominal lump-sum transfers issued by the government. We
assume in addition that an amount q ∈ (0, 1] of consumption purchases must
be paid by "cash-in-hands" previously accumulated by the representative
consumer. In other words agents, when maximizing, must also respect the
liquidity constraint

qptct ≤Mt. (3)

Straightforward computations show that the FOC’s of the household maxi-
mization problem write

c
− 1
σ

t = pt (λt + qνt) (4)

λtpt = βEt [λt+1pt+1Rt+1] (5)

lχt = λtptwt (6)

λt = βEt [λt+1 + νt+1] (7)

where λ and ν are non-negative Lagrange multipliers associated to, respec-
tively, the budget and cash-in-advance constraints, and R ≡ 1− δ + r is the
gross real interest rate on physical equipment. According to the arbitrage
condition (7), the price of money at time t, λt, is equal to its expected value
in the following period plus the expected value of the implicit dividends ξt+1
it will pay off. At the same time, ptλt can be viewed as the marginal indirect
utility of real income in period t: However, as (4) establishes, at the optimum,
it does not equalize the marginal utility of consumption, since the individual
cannot transform income into consumption unless part of the former is first
used to purchase money balances. Condition (5) says that no intertemporal
transfer of real income is still possible to increase total utility. Finally, equa-
tion (6) states that the marginal disutility of labor must equalize the induced
increase in utility.
Constraint (3) binds when the nominal interest factor it ≡ (1− δ + rt) πt

is greater than one, πt ≡ pt/pt−1 being the inflation factor between periods
t−1 and t. Under this condition and by manipulating conditions (4)-(7), we
obtain the stochastic Euler equation for the consumer

c
− 1
σ

t = βEt

∙
c
− 1
σ

t+1

qπtRt + 1− q

qπt+1 + (1− q)R−1t+1

¸
. (8)

Again from the FOC’s (4)-(7), we get the consumption-labor arbitrage con-
dition

lχt =
c
− 1
σ

t wt

qπtRt + 1− q
. (9)
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Optimal plans for the single household must also satisfy the transversality
condition

lim
t→+∞

Et

h
βtc

− 1
σ

t (kt+1 + πt+1mt+1)
i
= 0 (10)

where mt ≡ Mt/pt are the real balances held by the representative agent at
the outset of period t.
The good is produced by mean of a Cobb-Douglas aggregate production

function
zKαL1−α, α ∈ (0, 1) (11)

where K and L are, respectively, aggregate capital and labor and z is a
exogenous technological process. Profit maximization implies that in each
period the real interest rate and the real wage equalize, respectively, the
marginal productivity of capital and the marginal productivity of labor:

rt = ztαK
α−1
t L1−αt (12)

wt = zt (1− α)Kα
t L

−α
t . (13)

Government follows a very simple monetary policy: it issues in each period
lump-sum transfers of money balances at the constant rate µ − 1 > 0, so
that in period t the supply of money, Ms

t , satisfies M
s
t = µtMs

0 , where M
s
0 is

the initial amount of nominal balances. Thus nominal transfers are given by
τ t = (µ− 1)Ms

t .

2.2 Equilibrium

Equilibrium in factors market is obtained by settingKt = kt, Lt = lt for every
t ≥ 0.When constraint (3) binds, money market equilibrium requires πt+1 =
µmt/mt+1 for every t ≥ 0. Finally, Walras law ensures good market clearing in
each period. By manipulating the first order conditions and by substituting
in them the equilibrium conditions, intertemporal competitive equilibria can
be described by a dynamic system in terms of (kt, lt, ct) explicitly formulated
in the following definition.

Definition 1 An interior rational expectations intertemporal equilibrium is
a strictly positive sequence {kt, lt, ct}∞t=0 satisfying, for every t ≥ 0 and for a
given sequence of technological process {zt}∞t=0 , equations

(1− δ) kt + ztk
α
t l
1−α
t − ct = kt+1 (14)

ztk
α
t l
−(α+χ)
t = Et

"
zt+1k

α
t+1l

−(α+χ)
t+1

β
¡
1− δ + αzt+1k

α−1
t+1 l

1−α
t+1

¢# (15)
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qµct = Et

"
(1− α) zt+1k

α
t+1l

−(α+χ)
t+1 c

−1/σ
t+1 − (1− q)

1− δ + αzt+1k
α−1
t+1 l

1−α
t+1

ct+1

#
(16)

subject to the initial endowment of capital k0 > 0 and the transversality
condition (10).

2.3 Steady state

A deterministic steady state of the dynamic system defined by equations
(14)-(16) is obtained by solving for (k, l, c) system⎧⎨⎩ c = kαl1−α − δk

β (1− δ + αkα−1l1−α) = 1
(1− α) kαl−(α+χ)c−1/σ = 1− q + qµβ−1

from which we get the unique solution

k̄ =

"
1

1− α

µ
1− q + q

µ

β

¶µ
θ

α

¶α+χ
1−α

µ
θ

α
− δ

¶1/σ#− 1
χ+1/σ

(17)

l̄ =

µ
θ

α

¶ 1
1−α

k̄ (18)

c̄ =

µ
θ

α
− δ

¶
k̄ (19)

where θ ≡ β−1 − 1 + δ. It is easy to verify that constraint (3) binds at
the steady state if and only if β < µ. Under this condition, which we will
assume to be satisfied throughout the paper, system (20) is consistent with
intertemporal equilibria remaining in a small neighborhood of the steady
state.5 By direct inspection of expressions (17)-(19), one immediately sees
that k̄, l̄ and c̄ are decreasing in both the factor of money growth µ and the
amplitude of the liquidity constraint q: not surprisingly, both an inflationary
monetary policy and an higher imperfection in the financial market tend to
reduce economic activity.

5Notice that if the cash-in-advance constraint is not binding, we have two possibilities.
According to the first, money dominates capital in terms of returns. But in such a case
agents will shift investment from capital to money until the marginal productivity of
capital will be at least equal to the return on the liquid asset. Second, if the returns of the
two assets are the same, money has to be viewed as a bubble, which in not sustainable in
the long term within an infinite horizon model.
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3 Stability analysis

In order to study the occurrence of (local) indeterminacy, and without any
loss of generality, we study the stability of the deterministic dynamics around
the steady state. Dropping the expectation operator from (14)-(16) and
identifying x with (k, l, c), we can define G0 (xt) and G1 (xt+1) as the left-
hand side and right-hand side, respectively, of the deterministic counterpart
of equations (14)-(16). Therefore a deterministic intertemporal equilibrium
of the economy can be now written in the more compact form as a sequence
{xt}∞t=0 satisfying

G0 (xt) = G1 (xt+1) . (20)

The steady state of the economy is said to be locally indeterminate if there
exists a continuum of sequences {xt}∞t=0 satisfying system (20) for all t ≥ 0,
subject to the initial stock of capital, k0, all of which converging to the steady
state x̄. Following the usual procedure, the study of (local) indeterminacy
requires an exam of the linear operator

A = [DG1 (x̄)]
−1DG0 (x̄) , (21)

which regulates the linear tangent motion to (20) near the steady state.6

System (20) contains a unique pre-determined variable, the initial capital
stock k0. It follows that the stationary solution will be indeterminate if and
only A possesses at least two eigenvalues lying inside the unit circle. In this
case, there will exist different possible choices for placing the remaining initial
conditions (l0, c0) in such a way that the equilibrium dynamics converges and,
therefore, respects the transversality condition (10). In the opposite case, the
steady-state of system (20) is determinate. This means that there is only one
pair (l0, c0) ensuring convergence of the system towards this steady-state.
The characteristic polynomial of A is

P (ξ) ≡ ξ3 − Tξ2 + Σξ −D (22)

where T , Σ, D are, respectively, the trace, the sum of the principal minors
of order two and the determinant of A. Straightforward but tedious compu-
tations give the following expressions for T , Σ and D:7

T = ψ − ς (1− ϕυ)

Σ = 1/β − ς (ϕ+ ψ)

D = −ς/β
6DGi (x), with i = 0, 1, denotes the matrix of the derivatives of Gi with respect to x.

A is an isomorphism provided σ 6= 1 + β
µ
1−q
q .

7A document explaining how these expressions are derived can be obtained upon request
from the authors.
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where υ ≡ 1−q
q

β
µ
, ς ≡ σ

1−σ+υ , ϕ ≡ χϑ−α
ϑ+χ

¡
θ
α
− δ
¢
, ψ ≡ γ + ϑ−α

ϑ+χ

³
ϑ
αβ
− 1
´
,

ϑ ≡ α + (1− α) βθ and γ ≡ (1 + β) /β. The next proposition characterizes
the modulus of the eigenvalues of A. It is shown that when the amplitude of
the liquidity constraint q is close to one, indeterminacy comes about only for
low elasticities of intertemporal substitution in consumption σ. This result
is analogous to those found in the cash-in-advance economies (q = 1) studied
in Bloise et al. (2000) and Barinci and Chéron (2001). Conversely, as soon as
q is continuously relaxed, the range of values for σ generating indeterminacy
becomes larger and larger and includes eventually, for q low enough, the
whole domain of definition of σ.

Proposition 2 The linear operator A possesses a real eigenvalue ξ1 ∈ (0, 1)
and an eigenvalue ξ2 with modulus greater than one. Moreover, defining

q̂ ≡ 1

1 + µ
β

³
1 + 2

η

´ (23)

and

σ̂ ≡
1 + 1−q

q
β
µ

2 + η
³
1− 1−q

q
β
µ

´ (24)

where

η ≡
β
¡
θ
α
− δ
¢
(1− α) rχ

21+β
β
(α+ χ) + (1− α) θ

¡
3 + β + 1−α

α
βθ
¢ (25)

we have:

(i) 0 < q < q̂. Then the third root ξ3 belongs to (−1, 0) and the steady
state is locally indeterminate.
(ii) q̂ ≤ q ≤ 1. Then for σ < σ̂ the third root ξ3 belongs to (−1, 0) and the

steady state is locally indeterminate, meanwhile for σ > σ̂, it has modulus
greater than one and the steady state is locally determinate. In addition,
when σ goes through σ̂, the steady state undergoes a flip bifurcation.

Proof. The eigenvalues of A correspond to the roots of the characteristic
polynomial (22). Performing simple computations we obtain

P (0) = ς/β

P (−1) = (ς − 1) (γ + ψ)− (υ − 1) ςϕ
P (1) = (ς + 1) (γ − ψ)− (υ + 1) ςϕ

Observe that limξ→+∞ P (ξ) = +∞, limξ→−∞ P (ξ) = −∞ and that the
polynomial is a continuous function and its domain is connected. One can
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easily verify that P (1)P (0) < 0. This implies that there is always a real
root, say ξ1, in (0, 1) . At the same time straightforward computations show
that P (−1)P (1) > 0 either when 0 < q < q̂ or, for q̂ < q ≤ 1, when σ < σ̂.
Therefore two main regimes are possible.

(i) 0 < q < q̂. Then P (−1)P (1) > 0 for all σ. It follows that there is a
root belonging to (−1, 0) and by continuity of the polynomial, a third real
root with modulus greater than one.
(ii) q̂ < q ≤ 1. Then P (−1)P (1) > 0 if and only if σ < σ̂. In such a case

there is a root belonging to (−1, 0) and a third one with modulus greater than
one. The steady state is thus locally indeterminate. When σ > σ̂ observe
in addition that D = −P (0) > 1 and that the determinant corresponds to
the product of the eigenvalues. It follows that there exists at least one root
with modulus greater than one. If such a root is real and positive, by the
continuity of the polynomial, one has ξi > 1 for i = 2, 3. If it is real and
negative, one has ξi < −1 for i = 2, 3. If such a root is complex, there are
two conjugate eigenvalues ξ2, ξ3 such that |ξ2| = |ξ3| > 1. In either cases,
the steady state is locally determinate.
Finally, since −1 is a root of the characteristic polynomial when σ = σ̂,

the steady state undergoes a flip bifurcation.

In view of Proposition 2, for 0 < q < q̂, indeterminacy comes about for
any value for σ, meanwhile for q̂ < q ≤ 1, indeterminacy prevails for all
σ < σ̂. It is easy to verify that σ̂ is decreasing in q ∈ [q̂, 1]. This implies that
indeterminacy is more and more likely to emerge as soon as q is decreased,
as it is illustrated in Fig. 1, before including eventually the whole domain of
definition for σ (0 < q < q̂).8

Remark 1 It is worthwhile to notice that the model displays a discontinuity
in q = 0: Indeed, in such a case, the dynamic system looses one dimen-
sion and boils down to the standard Ramsey-Cass-Koopmans model, which
is always determinate. It is therefore this discontinuity — and the associated
increase in the dimension of the system — which is at the source of the strong
differences in the stability conditions of each model.

Proposition 2 also shows that the change in the stability properties of the
dynamic system always occurs through a flip bifurcation. Indeed, for a given
q > q̂, when σ = σ̂, there is one characteristic root going through −1. Given

8It is worthwhile to emphasize that such a critical share q̂ below which the steady-state
is always indeterminate also exists in the case of a constraint applying simultaneously on
consumption and investment purchases. See Bosi and Dufourt (2005) for more details, as
well as for figures comparing the values of q̂ in the two cases.
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the non-linearity of the system, this in turn implies (see, e.g., Grandmont,
1988) that when σ is set arbitrarily close to σ̂, there will generically emerge,
according to the direction of the bifurcation, a stable or unstable two-period
cycle.9

Fig. 1 summarizes the results emphasized in proposition 1 by displaying
the stability and instability regions for different q and σ. In particular, the
shaded area corresponds to the indeterminacy region, and its boundary co-
incides with the values of σ̂ undergoing a flip bifurcation. We have assumed
the period to be short, of about one quarter. As a consequence, we focus on
the following calibration for the structural parameters: β = 0.99, δ = 0.025,
µ = 1.01, α = 0.3. In addition, we assume utility to be linear in labor, namely
χ = 0.

0

0.5

1

1.5

2

0.2 0.4 0.6 0.8 1q

σ

Fig. 1. Indeterminacy region

As it emerges in Fig. 1, for q = 1, indeterminacy requires σ < 1/2. As
soon as q is relaxed, the interval of values for σ consistent with indeterminacy
enlarges: it is, for example, (0, 1) when q = 0.48 (including in this case the
Cobb-Douglas production function), and (0, 2) when q = 0.22.

4 The indeterminacy mechanism

Proposition 2 includes a result which may appear at first sight surprising.
In our model, indeterminacy becomes more or more likely to emerge as long

9In an analogous way one may fix σ and then study the family of maps indexed by
the amplitude of the liquidity constraint q. A flip bifurcation will possibly emerge in
correspondence to those q such that σ = σ̂ (q).
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as the amplitude of the liquidity constraint — as measured by q, the share of
consumption purchases to be paid cash — decreases continuously. In short,
indeterminacy is more likely to occur for low degrees of credit market imper-
fections. Because such a result contrasts widely with most related models in
the literature, and in particular in models of increasing returns to scale for
which the required degree of IRS must be sufficiently high, it is important
to understand the mechanisms which lead to an indeterminate equilibrium
in our model.
In fact, a simple analysis of the arbitrage equations (4)-(7) and the in-

duced equation (8) is sufficient to provide an intuitive interpretation of why
indeterminacy occurs for low degrees of market imperfection. In order to
illustrate this, let us rewrite the deterministic counterpart of (8) in the fol-
lowing way: µ

1

πt+1

¶1/σ
= β

qit + 1− q

qπt+1 + πt+1i
−1
t+1 (1− q)

(26)

which incorporates the equilibrium condition in money market ct+1/ct = π−1t+1
and takes into account the definition of the nominal interest factor i ≡ Rπ.
At the same time, it is useful to manipulate appropriately (4)-(7) and to
assume utility to be linear in labor10 (i.e. χ = 0) in order to obtain the
following consumption-labor static arbitrage condition:

wt = [1 + q (it − 1)] c1/σt . (27)

Now, let us suppose that the system is in period t at its steady state equi-
librium and verify under which conditions it may be possible to construct an
alternative equilibrium where agents anticipate, say, a fall in next period’s
price level, i.e. a decrease in the inflation rate πt+1. Under this conjecture
and the assumption that the liquidity constraint is still binding, both forego-
ing investment and tomorrow’s consumption will be driven up. But, in view
of (27) evaluated in period t + 1, this in turn will require a depreciation in
tomorrow’s nominal interest factor it+1 (assuming that the real wage does not
move significantly, an hypothesis which is not too strong in view of the fact
that capital is a predetermined variable and that the labor supply elasticity
is infinite).
Now suppose that the degree of the liquidity constraint is high, i.e. q is

rather close to one: If the intertemporal elasticity of substitution σ is not
very low (and, so, the expected contraction in πt+1 does not translate into an

10In the indeterminacy mechanism, the elasticity of labor supply plays a role relatively
less important than the curvature of the utility function in consumption. Thus, the as-
sumption of an infinite elastic labor supply — which we also make in our simulations — does
not affect considerably the generality of our explanation.
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arbitrarily large variation in π−1/σt+1 ), the re-establishment of (26) requires only
a relatively mild increase in foregoing nominal interest factor it, namely an
increase lower, in absolute terms, than the corresponding contraction of it+1,
the weight of the former, q, being larger than that of the latter, 1 − q. But
this implies a contracting backwards dynamics, and therefore an explosive
forward dynamics violating the transversality condition.
If, conversely, q is rather small, the right-hand side of (26) is more sen-

sitive to it+1 than to it. Therefore, in order to restore (26), it must increase
considerably more than how it+1 has fallen. As a consequence, this will
make the system to move back towards its steady state, although following
an oscillatory path. The sensitivity of it and it+1 with respect to q has to
be interpreted in light of equation (27): for a given variation of consump-
tion in period t, the associated variation of it depends negatively on q (the
same holds in period t + 1). Therefore, the lower q the higher the required
adjustment for i.
Following the logic of this experiment, one immediately verifies that the

higher σ, the lower the increase of the left-hand side of (26) induced by a given
fall of πt+1, and therefore, for any given q, the softer the required adjustment
in its right-hand one. Thus, the mechanism above described will lead to
convergent dynamics only in correspondence to lower q’s; This explains the
negative trade-off occurring between σ and q in the indeterminacy conditions,
as described in Fig. 1.

5 Model properties

In this final section, we assess the cyclical properties of the model and study
the conditions under which it is able to account for the main features of the
US business cycle.
Since the seminal papers by Benhabib and Farmer (1994), Farmer and

Guo (1994) and Galí (1994), it is widely recognized that some business cycle
models driven by sunspots only may account for most empirical stylized facts
in a way which is at least as satisfactory as standard RBC models. However,
the conditions under which these successful models may generate an inde-
terminate equilibrium have been criticized for being implausible and at odds
with the data. For example, in Benhabib and Farmer (1994), externalities
and increasing returns to scale must be high enough to imply that the labor
demand curve is upward sloping, and slopes even steeper than the labor sup-
ply curve. The required degree of increasing returns to scale is around 60%,
which is considerably higher than what is suggested by most empirical stud-
ies, which find - if any - much smaller markups and increasing returns to scale
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of the order of 5% (see Basu and Fernald, 1997, and Burnside, Eichenbaum
and Rebelo, 1995).11

For these reasons, a more recent generation of papers have been devoted
to show that indeterminacy could be obtained under much weaker restric-
tions regarding markups and increasing returns to scale. In Benhabib and
Farmer (1996) and Perli (1998), two-sector versions of the original Benhabib
and Farmer’s 1994 model are shown to become indeterminate for increasing
returns to scale around 7% and 16%, respectively. This is closer to the em-
pirical estimates reported in Basu and Fernald (1997). Similarly, Wen (1998)
shows that adding a variable capital utilization rate to a standard one-sector
model may make indeterminacy occurring for a degree of increasing returns
to scale of the order of 10%.
These models have made a crucial step toward more realism by proving

that the most counter-factual assumptions required to obtain indeterminacy
could be considerably alleviated as long as more sophisticated versions of the
standard one-sector models were considered. But it is fair to recognize that
this gain toward more realism has raised some new difficulties, however.12 For
example, simulations experiments show that if increasing returns to scale are
set at their minimal value, multi-sector models are generally unsuccessful
to match several moments of the US data, especially when business cycles
are driven by sunspot shocks only. More precisely, several counter-factual
features tend to emerge in the context of indeterminate models with low
increasing returns to scale: (i) the tendency of these models to generate
counter-cyclical movements of consumption or investment, (ii) the tendency
to overestimate or underestimate the volatility of consumption or investment,
and (iii) the lack of sufficient persistency in output movements, as measured
by the first-order auto-correlation coefficient in the production series. The
main causes for these failures are well documented in Wen’s mentioned paper
and in the recent survey by Benhabib and Farmer (1999), so we refer the
interested reader to these papers for a more detailed discussion.
Two complementary solutions have been advocated to overcome these

difficulties: The first one is to finally increase, when performing simulations,
the degree of returns to scale to a value which is above the minimal value
that is required to obtain indeterminacy. Because increasing returns to scale
act as a major propagation mechanism and allow for a more pro-cyclical

11In Galí (1994), returns to scale are constant, but markup margins above 100% are
assumed to generate an indeterminate equilibrium. No empirical studies tend to confirm
such high levels for the markups, most empirical estimates lying instead in the range
10%-40% (see, e.g., Morrison, 1988, Rotemberg and Woodford, 1991).
12For a detailed discussion, see the survey by Benhabib and Farmer (1999) and Schmitt-

Grohé (2000).
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pattern of consumption’s movements, this may prove sufficient in itself to
make the model more consistent with the data. The disadvantage of this
practice is that the new degree of IRS is generally inconsistent with the
empirical evidence reported in Basu and Fernald (1997) and Burnside et al.
(1995).13 As a consequence, a second solution which has been introduced
in the literature is to consider that animal spirits, rather that being purely
exogenous shifts in expectations disconnected from any real event, are in
fact overreaction to technological innovations. Models of this type have been
generally found to be successful in matching the data as long as the degree
of increasing returns to scale is in the range 10-20% (see e.g. Benhabib and
Farmer, 1996, Perli, 1998, and Weder, 2000).
In this section, we wish to test the performance of our model in accounting

for the main features of the US business cycle, allowing for both possibilities
regarding the role of animal spirits. In order to do so, we first assume that
technology follows the simple first order process

ln zt = ρ ln zt−1 + γ�z,t (28)

where ρ ∈ [0, 1], �z,t is an i.i.d. technological innovation with zero mean
and variance σ2z, and γ is a parameter taking values 0 or 1. Under the
conditions generating indeterminacy, animal spirits shocks ηt - as measured
by unforecastable increases in the consumption level, ηt ≡ {Ct −Et−1Ct} -
act as a second source of disturbance. We assume that these shocks evolve
according to

ηt = γ�z,t + (1− γ)εx,t (29)

where εx,t is an i.i.d. shock with zero mean and variance σ2x. The advantage of
equations (28)-(29) is that they can handle as special cases the two different
interpretations of animal spirits that we emphasized earlier. In particular,
for γ = 0, animal spirits are uncorrelated to any real events and act in this
case as the unique source of disturbance. By contrast, for γ = 1, animal
spirits are perfectly correlated to technological innovations and act in this
case as an amplification mechanism of these shocks.
We show that, when driven by sunspots shocks only, our model suffers

from the same difficulties as other models which do not rely on large in-
creasing returns to scale or large markups to generate indeterminacy. Hence,
animal spirits alone are not sufficient in our model to explain the most salient
features of the US business cycle. However, when coupled with technological

13In Benhabib and Farmer (1996), for example, 20% of increasing returns to scale are
required for the model with sunspots only to generate empirically realistic business cycles.
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Table 1 - Structural parameters
β α δ χ σ q ρ σz
0.99 0.3 0.025 0 1 0.33 0.95 0.007

shocks, our model performs at a similar level as these formerly mentioned
papers. This is true even though we do not rely on increasing returns to
scale or on other non-standard features regarding the production structure
or the utility function. In our model, the only source of imperfection is the
requirement that some cash holdings must be accumulated from the pre-
ceding period to pay a fraction of total consumption purchases. All other
elements are perfectly standard : preferences are separable, technology is
Cobb-Douglas, and the intertemporal elasticity of substitution is unitary.14

Only the presence of this arbitrarily small degree of market imperfection,
and the assumption that technology shocks and animal spirit innovations
are positively correlated, are required for our model to generate appropriate
statistical properties, as we illustrate now.

5.1 Calibration

We first briefly discuss the calibration of our main parameters (see Table 1).
Since we want to remain as close as possible to comparable business cycle
models with indeterminacy, we follow Benhabib and Farmer (1996) by as-
suming a share of capital in total income of α = 0.3, a quarterly depreciation
rate of capital of δ = 0.025 and a discount factor of β = 0.99. Following
Hansen (1985) and Rogerson (1988), we also assume an infinitely elastic la-
bor supply with a unitary coefficient and set χ = 0. Finally, we assume that
the growth rate of money is µ = 1.01, based on the M0 series for the US
economy.
In our simulations, we proceeded with two experimentations, γ = 0 and

γ = 1. When technological shocks are present, we set an auto-correlation
coefficient in the technological process of ρ = 0.95, and assume a standard
deviation of technological innovation of σz = 0.007.
Two important parameters remain to be calibrated at this stage. The first

one is σ, the value of the intertemporal elasticity of substitution. This value
is highly controversial, since it influences directly some important properties
of the models, and since the existing empirical evidence does not allow a clear
statement about it. Some papers, like Bennett and Farmer (2000), assume
a rather strong intertemporal substitutability (σ > 3) in order to get an

14As shown in Barinci and Chéron (2001), a strong complementarity in the intertemporal
baskets of consumption may be a cause of indetermination.
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indeterminate equilibrium. Others papers, like Barinci and Chéron (2001),
assume instead a strong intertemporal complementariness (σ < 0.5) to get
indeterminacy. By contrast to these papers, indeterminacy may occur in
our model for a large range of values for σ including the complementariness
and substitutability cases (see Fig. 1 above). We thus follow the most
conventional RBC practice by simply setting σ = 1, i.e. we assume that the
utility function is logarithmic in consumption.
Finally, the last parameter that remains to be calibrated is q, the overall

degree of market imperfection we are willing to introduce in our model. Note
that a simple interpretation of q is that of the (inverse) long run velocity of
money, q = 1/v. Using the monetary base as their definition of money,
Carlstrom and Fuerst (2003) estimate an average velocity of money (at a
quarterly frequency) for the US economy which is around v = 3. We thus
follow Carlstrom and Fuerst (2003) and set correspondingly q = 1/3.

5.2 Simulation results

For each version of the model, we simulated 100 series of 150 innovations
each, and we used them to derive from our dynamic system below a set of
series for the main macroeconomic variables. The model-implied moments
reported in Table 2 are then the average moments for all these series, after
each series was filtered through the HP filter. These theoretical moments are
then compared to their empirical counterparts in the US economy, which are
taken from the survey of RBC models by Cooley and Prescott (1995).
We first discuss the results for the version of the model which introduces

animal spirit shocks only (γ = 0). Results from this experiment can be seen
in the second column of Table 2. As we stressed earlier, our model suffers
from the same difficulties as former models which do not rely on large in-
creasing returns to scale to generate indeterminacy. In particular, our model
strongly overestimates the relative volatilities of consumption and investment
with respect to output, and predicts counter-cyclical movements of invest-
ment. Furthermore, the auto-correlation coefficient on output is negative
in the model, when it is strongly positive in the US data. This conforms
to the Benhabib and Farmer’s findings that most endogenous persistence in
traditional sunspots models comes from the assumption of large increasing
returns to scale.
We now turn to the simulation results when we let technological and

animal spirit shocks coexist, and that we assume a perfect correlation between
them (γ = 1). In this case, animal spirits act as an important amplification
mechanism of technological innovation. Results from this experiment are
reported in the third column of table 2. From this table, we see that the
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Table 2 - Cyclical properties

a. Relative standard deviations std(x)/std(output)

Data autonomous correlated RBC BF (correlated
sunspots (γ = 0) sunspots (γ = 1) sunspots)

Y 1 1 1 1 1
C 0.74 13.79 0.74 0.24 0.74
I 4.79 44.64 3.73 4.41 3.45
H 0.98 1.26 0.78 0.57 0.89
Q 0.42 0.49 0.29 0.45 0.74

b. Autocorrelation coefficient on output: AR(1)

Data γ = 0 γ = 1 RBC BF (γ = 1)
0.85 -0.44 0.67 0.70 0.66

c. Contemporaneous correlation with output

Data γ = 0 γ = 1 RBC BF (γ = 1)
Y 1 1 1 1 1
C 0.83 0.98 0.61 0.84 0.51
I 0.91 -0.98 0.81 0.99 0.83
H 0.92 0.93 0.98 0.98 0.70
Q 0.34 -0.35 0.86 0.98 0.50
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match with actual US fluctuations is pretty good for all the dimensions that
have been considered.
First, the model now predicts the correct pattern of fluctuations for the

relative volatilities between all variables. Consumption is about three-quarter
as volatile as output, while investment is about four times as volatile as
output. Productivity also remains significantly less volatile than output,
which is consistent with what is found in the data. Finally, hours worked
appears slightly less volatile in the model than they are in the US economy.
It remains that overall, these numbers are in a much closer accordance with
the data than what could be inferred from the version of the model in which
animal spirits were the only source of disturbance.
The same kind of results holds for the contemporaneous correlation be-

tween all variables. As can be seen from Table 2, consumption, investment
and hours worked are now strongly pro-cyclical, and productivity is no longer
counter-cyclical: The contemporaneous correlation between productivity and
output is even slightly higher now in the model than it is the data.
Finally, Table 2 reports the first-order auto-correlation coefficient on the

production series. The model-implied coefficient of 0.67 compares to a value
of 0.85 in the data. Thus, there remains a slight deficit of persistence in our
theoretical model with liquidity constraints. However, the performance of the
model remains rather good, especially if one reminds that returns to scale are
assumed to be constant in our simulation experiments. The rather high first-
order auto-correlation coefficient reported in Table 2 is thus not obtained at
the price of a counter-factually strong degree of increasing returns to scale.
Overall, our model does therefore pretty well in accounting for the main

features of actual fluctuations. The remainder of Table 2 displays for com-
parison purpose the corresponding theoretical moments which are implied
by the standard RBC model of Cooley and Prescott (1995), and the multi-
sector model of Benhabib and Farmer (1996). As is apparent, our model
performs at a similar level as these former models, even though we do not
rely on increasing returns to scale or on non-standard features concerning
the production structure or the utility function.

6 Conclusion

In this paper we have presented a one-sector productive economy with partial
cash-in-advance constraint on consumption purchases and studied the occur-
rence of indeterminacy and endogenous fluctuations as well as the cyclical
properties of the model. We have shown that the relaxation of the liquid-
ity constraint makes indeterminacy more and more likely to occur. For an
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amplitude of the liquidity constraint sufficiently low, the unique steady state
is even bound to be indeterminate for whatever calibration of fundamentals.
These findings seem to suggest that indeterminacy and sunspot fluctuations
— very far from being some kind of “exotic” or “pathological” feature in
macroeconomic models — are very pervasive. The paper shows that it is suf-
ficient to perturb slightly the canonical Real Business Cycle model in order to
obtain multiple, deterministic and stochastic (expectations driven) equilib-
ria. When performing simulations, we have shown that this model is able to
correctly account for the main features of US economic fluctuations, as long
as animal spirits and technological innovations coexist and are correlated.
In this aspect, the model performs as well as other indeterminate models
without relying upon strongly increasing returns (at odds with empirical es-
timates) or any other specific — if not even unconventional — calibration of
fundamentals or specification of utility and production functions.
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